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DAY THIRTY TWO

Three
Dimensional
Geometry

CLearning & Revision for the Day)

+ Coordinates of a Point in a + Equation of Line in Space + Plane
Space + Skew-Lines + Angle between a Line and a
+ Section Formula + Coplanar Lines Plane

+ Direction Cosines and Ratios

Coordinates of a Point in a Space

From the adjoining figure, we have
* The three mutually perpendicular lines in a space which divides the space into eight

parts are called coordinates axes. 7

e The coordinates of a point are the distances from the ST A0,y 2)
origin to the feet of the perpendiculars from the .4
point on the respective coordinate axes. (x, 0, 2)B' (==

e The coordinates of any point on the X, Y and Z-axes
will be as (x,0,0) (0, y,0) and (0,0, z) respectively and
the coordinates of any point P in space will be as
(x,¥,2). A(x, 0, 0)

Y
7 B0.y. 0

/(XY yY O)
Distance between Two Points

The distance between two points A (x,, y,, z ) and B (x,, ¥,, z,) is
| AB| :\/(Xz _Xl)z + (¥, _.V1)2 +(z, _Zl)z

Section Formula

If M (x, y, z) divides the line joining of points P (x,, v,, z,) and Q (x,, y,, z,) in the ratio
m : n, then
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For Internal Division

X:ITIXZ"'HXl :my2+nylandzzmzz+nzl
m+n m+n m+n
For External Division
mx, — nx m -1 m —1n
w= MmN my,-ny g mg mng
m —n m—n m —n

The coordinates of the mid-point of the line joining

+ + +
P(x, vy, 2) and Q . v, ) are [ 1200 At

Some Important Results

1. If A(x,y.2,),B(x,%,2,) and C(x,,y,,z,) are the
vertices of a AABC, then

+XZ+X3’YI+YZ +y3§
3 3
.0 i j k O
(ii) Area of AABC ZEHXZ -X V.~V %-zf
0x, =%, Vs =V, 2 —2[0

(iii) If area of AABC =0, then these points are collinear.

(i) Centroid of triangle = Qxl

2. Four non-coplanar points A (x,,¥,,2), B(X,, Vs, %),
C(x,,¥,,2) and D(x,,y,,2,) form a tetrahedron with
vertices A, B,C and D, edges AB, AC, AD,BC,BD and CD,
faces ABC, ABD, ACD and BCD, then

DX1+XZ+X3+X4 Y1 +y2 +y3 +.V4E

s )

(i) Centroid O 4 4 0
0 z+27 +z7 +z, [
0 4 O

X —x YV, =V 2 —z[

" 1
(ii) Volume ZEB?% X Vs Th % _Z1H
Xy =X Ve~V 2, —2z0

Direction Cosines and Ratios

If a vector makes angles a,3 and y with the positive directions
of X-axis, Y-axis and Z-axis respectively, then

cos a, cos B and cos y are called its direction cosines and they
are denoted by I, m, n, i.e. ] =cosa, m =cos and n =cos .
If numbers a, b and ¢ are proportional to I, m and n
respectively, then a,b and ¢ are called direction ratios.

Thus, a,b and c are the direction ratios of a vector, provided
] m n

a b ¢

Important Results

e A line in space can be extended in two opposite directions
and so it has two sets of direction cosines.

e In order to get unique set of direction cosines, we must take
the given line as a directed line.

e Let Lis a directed line which makes a,p and y with positive
direction of X, Y and Z-axis, respectively. If we reverse the

direction of L, then direction angles are replaced by their
supplements, i.e. T—0o, T -1 —y

o If the line does not pass through origin, then draw a line

through origin and parallel to given line and then find its
direction cosines as two parallel lines have same set of
direction cosines.

Some Important Deductions

(i) Direction ratios of the line joining two points P (x,, v,, z,)

and Q(x,,5,,2) are X, =X.y, =¥, %~z and its
direction cosines are

N =X VW ZZ_ZI.
[PQ| | PQ| |PQ|
(ii) If P (x, y, z) is a point in space and OP =r then

(@) x=I|r|,y=m]|r|,z=n|r]|

(b) I|r|,m| r|and n| r|are projections of r on OX, OY and
OZ, respectively.

(¢)r=|r|(li + mj +nk)and r =1i + mj + nk

(d) If r = ai +bj +ck,then a, b, ¢ are DR’s of vector and DC’s
c

)

aregivenbyl=£,m E
Iy

| ri [ rf
(iii) The sum of squares of direction cosines is always unity,
ie. P+m’ +1 =1
(iv) Direction cosines are unique but direction ratio are not
unique and it can be infinite.
(v) If a, b, c are DR’s of a line and 1, m, n are DC’s of a line, then

a
=+ —  m=+

s +
aZ +b2 +CZ az +bZ +CZ

. °c
Ja& +b* +c?
(vi) The DC’s of a line which is equally inclined to the
1 1 1
coordinate axes are @t —_, —, % —Q
NCREEENERENEY

(vii) If I, m and n are the DC’s of a line, then the maximum

andn =+

value of Imn = L

3.3

Equations of a Line in Space

Equation of line passing through point A(a) and parallel to
vector (b)isr =a + A b.

If coordinates of A be (x,, y,,z ) and the direction ratios of line

be a, b and ¢, then equation of line is XTH _VTh 274
a b c
NOTE - Equation of X-axis isX;O :y;O =200 y=0,z=0

x-0_y-0_2z-0
1

-0_y-0_2z-0

0 T

° Equation of Y-axis is orx=0,z=0

* Equation of Z-axis is X orx=0,y =0
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Equation of a line passing through two given points

. X—X - zZ -
A (x,,5,,2z)and B (x,, v,, z,) is L= YT 4
X, T X Yo =W Z, =z

Its vector form isr =a + A (b —a).

The parametric equations of a line through (q,, ,, a,) with DC’s
I,mand narex=q, +Ir,y=qa, + mrandz=aq, + nr.

Angle between Two Intersecting Lines

1. If DR’s of two lines are a,,b,, ¢, and q,, b,, c,, then
aq +bb, +cc,

J@ +b? +¢%) (@ +b? +c)

cos B =

(i) Condition for parallel lines, —* = b _a

(ii) Condition for perpendicular lines,
aa, +bb, +cc, =0
2. Angle between two lines with DC’s I,, m,, n, and
l,,m,,n,iscos™ (1, + mym, + nn,)

or sin™ (yZ(mn, - m,n)).
ml

(i) Condition for parallel lines, L = -
Lo m, n
(ii) Condition for perpendicular lines,
LI, + mm, + n,n, =0

NOTE © The angle between any two diagonals of a cube iscos™ %Q

* The angle between a diagonal of a cube and a face is
LOPko
cos -4
V3o

* The angle between the diagonal of a cube and edge of

cube is cos™ @%Q
3

 If a straight line makes angles a,B,y and & with the
diagonals of a cube, then
cos*0 +cos’P +cos’y +cos’d =4

Skew-Lines

Two straight lines in a space which are neither parallel nor
intersecting are called skew-lines. Thus, skew-lines are those
lines which do not lie in the same plane.

Shortest Distance between Two Skew-Lines

e If ], and I, are two skew-lines, then there is one and only
one line perpendicular to each of the line /, and ,, which is
known as the line of shortest distance.

e The shortest distance between two lines /, and 1, is the
distance PQ between the points P and Q, where the line of
shortest distance intersects the two given lines.

e The shortest distance between two skew-linesr =a + Ab
(c )b xd)

andr =c + pd is given by SD = b xd|
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e The shortest distance between the lines

X=X _Y~V _Z27% 4 X"X% V¥ _Z7%
Q b, o aQ b, C,
X, =X YV, ™ % 7z
q b, ¢
SD: aZ bZ CZ

e Two linesr =a + Ab and r =c¢ + pd are intersecting if
shortest distance between them is zero.
o, [€~a) [Ib xd)
| Ibxd|
X=X V.T™h %74
or | q b, ¢, |=0
a, b, c,

=00 (c-a)b xd) =0

Distance or shortest distance between two
parallel lines
e Shortest distance between parallel lines will be the
perpendicular distance.
e If the parallel lines are given by r=a + Ab and r =c + b
[c—a)xb]|
| bl

then distance between them isd =

Coplanar Lines

Lines which lie in the same plane are called coplanar lines. Any
two coplanar lines are either parallel or intersecting.
Condition for Coplanarity of Two non-parallel
Lines

Two lines r=a+Ab and r=c+pud are coplanar or
intersecting, if c —a){b xd) =0 O [abd]=[cbd]

The lines =1 =2 "1 =274
1L m, n,
and X% Y7V _27% are coplanar,
1, m, n
X —X ¥V, = %~z
lfH L m, n HZO'
oL m n O

Plane

A plane is a surface such that line joining any two points of
the plane totally lies in it.

Equation of a Plane in Different Forms

1. The general equation of a plane is ax +by +cz +d =0
and & + b* +¢* 20, where, a,b and ¢ are the DR’s of the
normal to the plane.
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(i) Plane through the origin is a x + by + ¢z =0.

(ii) Planes parallel to the coordinate planes
(perpendicular to coordinate axes) x = k parallel to
YOZ plane, y = k parallel to ZOX plane and z = k
parallel to XOY plane.

(iii) Planes parallel to coordinate axes
by + ¢z +d =0 parallel to X-axis
ax +cz +d =0 parallel to Y-axis
a x + by +d =0 parallel to Z-axis

2. If a,b and ¢ are the intercepts of plane with the coordinate

axes, then equation of plane is X4+ Y 4+ Z =1 It meets the

a b ¢
coordinate axes at A (a,0,0), B (0,b,0)and C (0,0, ¢).

3.(i) If I, m and n are DC’s of normal to the plane, p is the
distance of the origin from the plane, then equation of
plane is I x + my + nz = p.

(ii) Coordinates of foot of perpendicular, drawn from the
origin to the plane, is (Ip, mp, np).

(iii) If ON is the normal from the origin to the plane and n is
the unit vector along ON. Then ON = pn and equation of
plane is r[h = p, where r = xi + yj + zk.

4. Plane through a point (x,, y;, z) is

a(x=x)+b(y-y)+c(z -z) =0.
where a, b, ¢ are DR’s of normal to the plane.
5. Plane through three non-collinear points
(x,, 7., 2), (%, ¥,,z)and (x,, v,, z,) is
x=-x, y=y» z-z0
B -x % -»n 2z -zf=0
G —X Vs = 4~ 2]

6. (i) Equation of plane, passing through a point A with
position vector a and is parallel to given vectors b andc,
is(r—a){b xc) =0or[r-abc] =0

X-a y-q
(ii) Its cartesian equation is | b, b, b, |=0
¢ c, C,
7. Plane parallel to the given plane ax + by +cz+d =0 is

ax +by +cz +k =0, where k is a constant determined by
the given condition.
8. (i) Any plane passing through the line of intersection of
the planes a x + by + ¢z +d =0 and
ax+b,y+cz+d =0is(ax+by+cz+d)
+ Max +by +¢,z+d)=0
(ii) If rCh, =d, and r[h, =d, are two planes, then their line
of intersection is perpendicular to both n, and n,, i.e.
line is parallel to the vectors n, xn,.

Some Important Results on plane

e Ifax+by +cz+d, =0and qx +b,y +¢,z +d, =0 are the
equations of any two planes, then a x + bx +cz +d, =0
=ax +b,y +c,z +d, gives the equation of straight line.
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e Plane ax + by +cz +d =0 intersecting a line segment
joining A (x,, y,. z) and B (x,, y,. ) divides it in the ratio
_ax, +by +cz +d

ax, +by, tcz, +d
(i) If this ratio is positive, then A and B are on opposite
sides of the plane.
(ii) If this ratio is negative, then A and B are on the same
side of the plane.
e If B be the angle between the planes a,x + b,y +¢,z +d, =0
and q,x +b,y +c¢,z +d, =0, then
aa +bb, tcc,  |F
Hat +b7 +cf o> +b7 +ct |

e Two planes are parallel if their normals are parallel and the
planes are perpendicular if their normals are perpendicular.
e Ifrth, =d, (oraqx+b,y +c,z=d,)and r[h, =d, (or
a,x +b,v +c,z =d,) are two planes, then they are

0 =cos™

(i) parallel if n, = An, or + =1t =-L :

(ii) perpendicular if n, h, =0 or qa, + b,b, +c,c, =0.
¢ Distance of a point (x,, y;, z ) from the plane
lax, +by, +cz +d|
\/az +b? 4+ ’
da_
The distance between two parallel planes

ax +by +cz +d, =0and ax + by +cz +d, =0is
|d, —d,|

Ja +b* +c?

Angle between a Line
and a Plane

ax+by +cz+d =0is

Distance of the origin is

If angle between the line ~ 1 =2 "1 -27*%
a b c
plane ax +b,y +¢,z +d =0 is B, then (90° - 6) is the angle

between normal and the line, therefore

and the

cos (90° - 0) —‘ ag, +bb, +cc, ‘

W@ bt a +b} e
a_b _c o .
e If — =— =—then line is perpendicular to plane.
al 1 Cl

e Ifala, +b b, +c (@, =0, then line is parallel to plane.
e Ifalh, +b B, +cld, =0,and a, x, +b,y, +c, z, +d =0,
then line lies in the plane.

Important Points Related to Line and Plane
e Projection of a line segment joining the points (x,, v,,z) and
(x,,¥,,2) on a line with direction cosine I, m,n is
|G, =x)+(y, —y,)m +(z =z)n]
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¢ Foot of the perpendicular from a point (x,, y,, z ) on the
plane a x + by + ¢z +d =01is (x, y, z), where
X=X _ VY=V _Z2—2 __(aX‘l +b.V1 +cz +d]

a b c a +b* +c¢ '

e Image of the point (x,, v,, z ) in the plane
ax +by +cz +d =0is(x, y, z), where
X=X _y-y _z-7z __2(ax +by, +cz +d)
a b ¢ a +b* +¢ '
e Four points (x;, y;, z), where i =1,2, 3 and 4 are coplanar, if
o —x ¥, =W 2z -2z
@(3 X YyTh g —ZIHZO.
X, =% Vo~ 2z, 2

e Planes bisecting the angle between two intersecting planes

a,x+b,y+c,z+d, =0and a,x + b,y + ¢,z +d, =0 are given
a,x+b,y+tcz+d, _ L lax +b,y +c¢,z +d,)

b =%
y \/2+b2+2 \/2+b2+ 2
a, 1 TG a, ; TG,

(i) If a,a, +b,b, *+c,c, <0, then origin is in acute angle and
the acute angle bisector is obtained by taking positive sign
in the above equation. The obtuse angle bisector is
obtained by taking negative sign in the above equation.

(ii) Ifqa, + b,b, +c,c, >0,then origin lies in obtuse angle and
the obtuse angle bisector is obtained by taking positive
sign in above equation. Acute angle bisector is obtained
by taking negative sign.

(DAY PRACTICE SESSION 1)

FOUNDATION QUESTIONS EXERCISE

1 If the orthocentre and centroid of a triangle are (-3, 5,1)
and (3, 3, —1) respectively, then its circumcentre is

(@) 6,2,-2) (b) (1.2,0) (c)(6,2,2) (d)(6,-22)
2 Aline makes the same angle 8 with each of the

X and Z-axes. If the angle 3, which it makes with Y-axis,
is such that sin® B =3 sin” 6, then cos? 8 is equal to

= AIEEE 2004
2 1 3 2
(a) 3 (b) = (€) c (d) c

3 Aline makes an angle 6 with X and Y-axes both. A
possible value of 8 is in
0 0 Oomt 1 g 1
a)  — b %’7 C) & — d) &, —
@dis O Q@mon @ EBes
4 The projections of a vector on the three coordinate axes
are 6, — 3and 2, respectively. The direction cosines of the

vector are = AIEEE 2009
@6-32 ()8 .32 (8.32 4 632
5 55 7 77 7 77

5 If the projections of a line segment on the X, Y and
Z-axes in 3-dimensional space are 2, 3 and 6
respectively, then the length of the line segment is

= JEE Mains 2013
(a)12 (b) 7 (c) 9 (d) 6

6 A vector ris inclined at equal angles to OX, OY and OZ.
If the magnitude of r is 6 units, then r is equal to
(@) V3 (i+j+k) (b) =3 (i+]+k)
() =23 (i +j+k) (d) None of these

7 Aline L, passes through the point 3iand is parallel to the
vector —i + j +k and another line L, passes through the
pointi + jand is parallel to the vectori + k, then point of
intersection of the lines is

(@) i+2j+k (b) 2i+j+k (c)i-2j-k (d)i-2j+k

8 The line passing through the points (5,1, a) and (3, b, 1)

crosses the YZ-plane at the point %7 —g@ Then,
= AIEEE 2008

(@) a=8b=2 (b)ya=2,b=8
(c)a=4,b=6 (d)a=6b=4

9 The angle between the lines 2x =3y = -z and
6x=-y=-4zis = AIEEE 2005
(a) 30° (b) 45° (c) 90° (d) 0°

10 The angle between a diagonal of a cube and an edge of
the cube intersecting the diagonal is

(a) cos“% (b) cos”\E
(c) tan™' V2

11 The angle between the lines whose direction cosines
satisfy the equations/+ m+n =0and > =m?® +n?is
= JEE Mains 2014

(d) None of these

T T 13 m
a) — b) — c)— d) —
( )3 ( )4 ( )6 ( )2
12 If the line, x-3_y +12 =7 ; 4 lies in the plane,
Ix + my —z =9, then /> + m” is equal to = JEE Mains 2016
(a) 26 (b) 18
(c)5 (d)2

13 The direction cosines of two lines at right angles are
(1,2,3)and %2, 15 %@ then the direction cosine

perpendicular to both the given lines are

@) 25 19 \/729 ) \/ 24 \/ 38 \/730
2198 /2198 '\ 2198 2198 2198 | 2198
1 -7 a

(c) = -2 — (d) None of these

3 2
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14 The foot of perpendicular from (0, 2, 3) to the line
X+3:y—1 :z+4 is

5 2 3’
(@) 2,3,4) (b) @,-13) (¢) @3 -1 (d) @ 2-1)

15 The projection of the line segment joining (2, 5, 6) and
(3, 2, 7) on the line with direction ratios 2,1, -2, is
1
a) — b) — c) 2 d) 1
(a) 5 (b) 3 (c) (d)
16 The shortest distance between the lines
X+1_y+1_z+1 X=-3_y-5_z-7

and ,is
7 -6 1 1 -2 1 -+ NCERT
(a) ~/29 units (b) 29units  (c) %units (d) 24/29 units

17 The shortest distance between the diagonals of a
rectangular parallelopiped whose sides are a, b, ¢ and
the edges not meeting it, are

(@) bc ca ab

\/bz - \/02 -a? \/az -b?
b) bc , ca , ab
Jb?+c? P +a® &t +b°
(©) 2bc 2ca 2ab
P - ot -2 Ja -p?
(d) None of the above

(

18 Iftheline X =Y 1271 pqgXx =3y -k _2
2 3 4 1 2 1
intersect, then k is equal to = AIEEE 2012
2 9
a) -1 b) = c) = d) 0
(a) (b) 5 (c) 5 (d)

19 If the straightlines x =1+s,y =-3-As,z=1+Asand
X :é,y =1+t ,z =2 -t with parameters sand t
respectively are coplanar, then A is equal to = AIEEE 2004

(a) -2 (b) —1 (©) —% (d) 0

20 The distance of the point (1, 0, 2) from the point of
-2 _y+1_2z-2

intersection of the line X and the
3 4 12
plane x —y + z =16is = JEE Mains 2015
(a) 2414 (b)8 (c) 3821 (d) 13

21 A vectornis inclined to X-axis at 45°, to Y-axis at 60° and
at an acute angle to Z-axis. If nis a normal to a plane
passing through the point (+/2, —1,1), then the equation of
the plane is = JEE Mains 2013

(@) 4/2x+7y +z=2 )2 x+y+z=2

(1,1,1) makes intercepts on the coordinate axes and the
sum of whose length is
(a) 3 (b) 6 (c) 12 (d) 20

24 The coordinates of the point where the line through
(3,4, -5)and(2,-3, 1) crosses the plane passing
through three points (2, 2, 1), (3, 0, 1)and (4,-1, 0), is

= NCERT Exemplar

(b) -1,2,-7)

(d) None of these

(@) (1,2,7)

(c) 1,-2,7)
25 The volume of the tetrahedron formed by coordinate

planes and 2x + 3y + z =6, is

(a) 5 (b) 4 (c) 6 (d) 0

26 The equation of the plane passing through (2,1, 5) and
parallel to the plane 3x —4y + 5z =4is
(@) 3x -4y +5z-27=0 (b) 3x-4y +5z+21=0
(c) 3x -4y +5z+26=0 (d) 3x-4y+5z+17 =0

27 If Q is the image of the point P(2, 3,4) under the
reflection in the plane x =2y + 5z =6, then the equation
of the line PQ is

)x—2:y—3:z—4 (b)x—2:y—3:z—4

- 2 5 1 -2 5

(C)X—2:y—3=2—4 (d)x—2=y—3zz—4

-1 -2 5 1 2 5

28 If the points (1,2, 3)and (2, -1, 0) lie on the opposite

sides of the plane 2x + 3y -2z =k, then
(a) k<1 (b) k>2
(c) k<tork>2 (d) 1<k<?2

29 The equation of the plane containing the lines
2x —by +z =3, x + y + 4z =5 and parallel to the plane
X+ 3y +6z =1is = JEE Mains 2015
(a)2x + 6y + 122 =13 (b) x + 3y + 62=-7
(c)x+ 3y +6z=7 (d)2x + 6y + 12z = -13

30 The equation of a plane through the line of intersection
of the planes x + 2y =3,y -2z +1 =0and
perpendicular to the first plane is = JEE Mains 2013
(a) 2x -y —10z =9 (b) 2x -y +7z =11
(c) 2x—y +10z =11 (d) 2x -y -9z =10

(a

31 An equation of a plane parallel to the plane
X —2y + 2z -5 =0and at a unit distance from the origin
is = AIEEE 2012
(a) x-2y+2z+£3=0 (b) x -2y +2z+1=0
(c) x-2y+2z-1=0 (d) x-2y+2z+5 =0

32 Two systems of rectangular axes have the same origin. If
a plane cuts them at distances a,b,cand a’, bt , ¢ from

()32 x -4y -3z =7 (dVex-y-z=2 the origin, then = AIEEE 2003
1 1 1 1 1 1
22 Let Q be the foot of perpendicular from the origin to the (@ 5+ FiEtaE e 5=
plane 4x =3y + z +13 =0 and R be a point(-1,1, —6) on 31 ; 01 31 ; |
the plane. Then, length QR is = JEE Mains 2013 ) 5+ 5 -5 +—+——-—=0
19 7 3 a b c a' b’ c'
(a) V14 (b) = (c) 3,]= (d) — 1 1 1 1 1 1
2 2 V2 (C)aT_bT_cT+a,2_b,2_c,2=O
23 The plane passing through the point (-2, -2, 2) and g 1 1 1 1 1 0
containing the line joining the points (1, -1, 2) and (d) Z T E 27 pr or
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33 The distance of the point (1, = 5, 9) from the plane
X —y +z =5 measured along a straight linex =y =z is
= JEE Mains 2016
10 20
i d) =¥
V3 @ 3

34 Distance between two parallel planes 2x + y + 2z =8
and4x + 2y +4z +5 =0is = JEE Mains 2013
5 7 9
a) = b)= C)— d)=
(a) (b) 5 (c) 5 (d) 5
35 Find the planes bisecting the acute angle between the
planes x —y +2z +1=0and2x + y + z + 2 =0.
(a) x+z-1=0 b) x+z+1=0
(c) x=z-1=0 (d) None of these
-1_y-2_2z+3

(a) 3410  (b) 1043 (c)

36 The angle between the lines X2 ] 5 and the
plane x + y +4 =Qis
(a) 0° (b) 30° (c) 45° (d)90°
37 If the angle between the line x = y2—1 =7 ; 3 and the
. L, 4djsd .
plane x + 2y + 3z =41is cos —[J then A is equal to
V140 ~ AIEEE 2011
3 2 5 2
a) = b) = c) = d) £
(a) 5 (b) c (c) 3 (d) 3

38 The distance between the line
r=2i-2j+3k +A(i —j +4k) and the planerdi+ 5j+k) =5
is

(a) c 10 e

10 10
W b 5 (c) 3 (d) 0
39 Consider the following statements.
Statement | If the coordinates of the points A,B,C,D are
(1,2,3),(4,5,7),(-4,3,-6)and (2,9, 2)respectively,
then the angle between the lines ABand CD is g

-1_y-2_2z-3

Statement Il The straight lines X1 5 3 and

x 1 = y-2 =Z -3 are parallel.
2 2 -
Choose the correct option.

(a) Statement | is true (b) Statement Il is true
(c) Both statements are true (d) Both statements are false

40 Consider a line is perpendicular to the plane, then DR'’s
of plane is proportional to the line.
x-1_y _z+1
-1 1

= % are coplanar and equation of the plane

Statement | The lines and

X-2_y*1
1 2
containing themis 5x + 2y =3z -8 =0
Statement Il The line Xf_z =Y ;1
to the plane 3x + 6y + 9z —8 =0 and parallel to the

plane x + y =z =0

Z . .
:§ is perpendicular

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation of Statement |

(b) Statement | is true; Statement Il is true; Statement Il is not
a correct explanation of Statement |

(c) Statement | is true; Statement Il is false

(d) Statement | is false; Statement Il is true

41 Statement | The point A (1, 0,7)is the mirror image of the
point B(1,6, 3)in the line X =¥ ~1=2-2
1 2 3
y-1_z-2

bisects the line

Statement Il The line ? =

segment joining A (1,0,7)and B (1, 6, 3).

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |

(b) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation for Statement |

(c) Statement | is true; Statement Il is false

(d) Statement | is false; Statement Il is true

= AIEEE 2011

42 Consider the following statements
Statement | If the line drawn from the point (-2, -1, =3)
meets a plane at right angle at the point(1,-3, 3), then
the equation of plane is 3x =2y + 6z —27 =0.
Statement Il The equation of the plane through the points
(2,1,0),(3,-2,-2)and (3,1,7)is 7x + 3y -z =17.
Choose the correct option.

(a) Statement | is true (b) Statement Il is true
(c) Both statements are true (d) Both statements are false

43 Statement| The point A (3, 1, 6) is the mirror image of
the point B (1, 3, 4) inthe plane x -y +z =5.
Statement Il The plane x -y + z =5 bisects the line
segment joining A (3, 1, 6) and B(1, 3, 4). = AIEEE 2010
(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |
(b) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation for Statement |
(c) Statement | is true; Statement Il is false
(d)Statement | is false; Statement Il is true

44 Statement | A point on the straight line 2x + 3y =4z =5
and 3x — 2y + 4 z =7 can be determined by taking x =k
and then solving the two equations for y and z, where k
is any real number.

Statement Il If ¢' # kc, then the straight line
ax +by +cz +d =0, kax + kby +c'z + d' =0, does not
intersect the plane z = a, where a is any real number.
(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation of Statement |
(b) Statement | is true; Statement Il is true; Statement Il is not
a correct explanation of Statement |
(c) Statement I is true; Statement Il is false
(d) Statement | is false; Statement Il is true
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45 Consider the lines

Statement | The distance of the point (1,1,1) from the
plane passing through the point (-1, =2, —1) and whose

normal is perpendicular to both the lines L, and L, is
13

5J3

Statement Il The unit vector perpendicular to both the

-i-7j+5k
53

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation of Statement |

(b) Statement | is true; Statement Il is true; Statement Il is not
a correct explanation of Statement |

(c) Statement I is true; Statement Il is false

(d) Statement | is false; Statement Il is true

linesL,and L, is

(DAY PRACTICE SESSION 2 )

PROGRESSIVE QUESTIONS EXERCISE

1 The direction ratios of normal to the plane through
(1,0,0), (0,1,0) which makes an anglegwith the plane

x+y=3are
(a) 1,4/2,1 1,1,v2  (e)1,1,2 (d)~2 1,1

2 The angle between the lines whose direction cosines are
givenby 2/ -m+2n =0,Im+mn+n/ =0 ,is

Tt Tt Tt Tt
(a) 5 (b) " (c) 3 (d) >

3 If L, is the line of intersection of the planes
2x =2y +3z-2=0,x-y+z+1=0andLl, istheline
of intersection of the planes x + 2y —z -3 =0,
3x -y + 2z =1 =0, then the distance of the origin from
the plane, containing the lines L, and L, is = JEE Mains 2018
1 1 1 1
(a) W (b) 33 (c) 503 (d)ﬁ
4 |f the plane x + y + z =1is rotated through an angle 90°
about its line of intersection with the plane
X =2y + 3z =0, the new position of the plane is
(@) x-5y+4z =1 (b) x =5y +4z=-1
(c) x-8y+7z=2 (d) x=-8y+7z=-2

5 A variable plane at a distance of 1 unit from the origin cut
the coordinate axes at A, B and C. If the centroid
D (x,y, z)of AABC satisfies the relation
1

— =k, then k is equal to

X2 y2 22
y
(a) 3 (b) 1 (c) 3 (d) 9
6 Thelinesx=py+qg,z=ry+sandx=p' y+q',
z =r'y+ ¢ are perpendicular, if = NCERT Exemplar
(a) pr+p'r+1=0 (b) pp'+rr'+1=10
(c)pr+p'r'=0 (d) pp'+rr'=0

7 A line with direction cosines proportional to 2, 1, 2 meets
each ofthelinesx =y +a=zand x +a =2y =2z.The
coordinates of each of the points of intersection are
given by

(a) (Ba, 3a, 3a), @, a, a)
(c) (3a, 2a, 3a), @, a, 2a)

(b) (a, 24, 3a), (@, a, a)
(d) (2a, 3a, 3a), (2a, a, a)

8 A parallelopiped is formed by planes drawn through the
points (2, 3, 5) and (5, 9, 7), parallel to the coordinate
planes. The length of a diagonal of the parallelopiped is

(a) 7 units (b) /38 units
(c) /155 units (d) None of these

9 The distance of the point (1, 3, =7) from the
plane passing through the point (1, =1, = 1)
having normal perpendicular to both the lines

x-1_y+2 z-4 a X—-2_y+1_z+7 .

nd s
1 -2 3 2 -1 -1
= JEE Mains 2017
20 . 10 . 5 . 10 .
a) —— units (b) — units (c) —=— units (d) — units
(@) g unts (0) g units. (€] g units (d) 27

10 Find the distance of the plane x + 2y — z =2 from the point
(2, -1, 3)as measured in the direction with DR's (2, 2,1).
(a) 2 (b) -3 (c) -2 (d) 3

11 AABC is such that the mid-points of the sides BC, CA and
ABare (/,0,0),(0,m, 0),(0, 0, n), respectively. Then,
AB? + BC? + CA?
P +m?+n?
(a) 2 (b) 4 (c) 8 (d) 16

12 Ifa,B,yand d are the angles between a straight line with
the diagonals of a cube, then
sina + sin® B + sin® y + sin® &is equal to

(@ = (b) 8 (c) % (d) None of these

3
13 The equation of the line passing through the points
(8,0,1)and parallel to the planes x + 2y =0 and
3y -z=0,is = NCERT Exemplar
(a)x—S:y—O=2—1 (b)x—S:y—O=2—1
s 1 3 1 -2 3

x-3_y-0_z-1 (d) None of these
3 1 -2

is equal to

(c)
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14 The length of the projection of the line segment joining
the points (5, =1, 4) and (4, -1, 3) on the plane,
X+y+z=7is = JEE Mains 2018

2
(a) N&] (b) 3 (c) 3 (d) 3

15 Let ABC be a triangle with vertices at points A(2, 3, 5),
B(-1,3,2) and C(A, 5,u) in three dimensional space. If
the median through A is equally inclined with the axes,
then (A, ) is equal to = JEE Mains 2013

(a) (10,7) (b) (7,9) (c) (7,10 (d) 6,7)

16 A plane passes through the point (1, -2, 3)and is
parallel to the plane 2x — 2y + z =0. The distance of the
point (=1, 2, 0) from the plane, is

(a) 2 (b) 3 (c) 4 (d) 5

17 The equation of the plane through the line intersection of
the planes x + y + z =1and 2x + 3y + 4z =5, which is
perpendicular to plane x =y +z =0, is

(@) x+2y+3z-4 =0

(b) 5x+6y+72z-8 =0
(c)120x + 144y +1682z -5 =0
(dyx=-z+2=0

18 Let L be the line of intersection of the planes
2x + 3y +z =1and x + 3y + 2z =2.If L makes an angle
o with the positive X-axis, then cos a is equal to
1 1
a) — b) 1 c) — d)
(a) 5 (b) (c) 7 (d) 7
19 If the image of the point P(1, - 2, 3) in the plane
2x + 3y —4z + 22 =0 measured parallel to the line

ANSWERS

1. () 2. (o) 3. (0 4. (c)
M.@ 12.(d) 13.@ 14 (0
21.(b)  22.(0Q @ 23.(0 @ 24 (0
31.(a 32.(d) 33.(b) 34 (0
41. (b)  42.(Q @ 43.(a) @ 44. (b)
1. 2. 3.0 4
11.(Q | 12.(b)  13.(d  14.(d)

15.
25.
35.
45.

XY o2 Q, then PQ is equal to .
1 4 5 = JEE Mains 2017
(a) 35 (b) 2/42 (c) 42 (d) 6V5
20 The image of the line X3_1 =Y 1_ 8.z2-4 in the plane
2x —y +z +3 =0istheline = JEE Mains 2014
(a)x+3:y—5:z—2
3 1 -5
(b)x+3:y—5:z+2
-3 -1 5
(C)x—3=y+5 =Z_2.
3 1 -5
(d)x—3:y+5:z—2
-3 -1 5
(b) 6. () 7. (b) 8. (d) 9. () 10. (c)
(d) 16. (d) 17. (b) 18. (¢) 19. (a) 20. (d)
(o) 26. (a) 27. (b) 28. (d) 29. () 30. (o)
(b) | 36.(c)  37.(d) | 38.(a @ 39.(d) @ 40.(b)
@)
(d) 6. (d) 7. (b) 8. (a) 9. (b) | 10.(d)
(0) 16. (d) 17. (d) 18. (d) 19. (b) 20. (a)
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Hints and Explanations

SESSION 1

1 Since, S divides OG in the ratio3 : - 1.
Then, S = 9 + 37—5+ 9’—3 —lﬁ
2 2 2
=(6,2,-2)

2 A line makes angle 6 with X-axis and
Z-axis and B with Y-axis.
0 I=cosB m=cos B, n =cos 6
PP+m*+n =1
0 cos* @+ cos*PB +cos”*0=1
0 2cos®* 0 =1-cos* B

0 2cos®* 8 =sin’ B .. (1)
But it is given that,
sin’* B = 3 sin” 0 ...(i)

From Egs. (i) and (ii), we get
3 sin® 6 = 2cos® 0

0 3(1 —cos® 8) =2cos* 0
0 3=5cos”0
0 cos’@=2

5

3 We know that,
cos*0 + cos’0 + cos’y =1

0 cos’y = —cos 20
O cos 20< 0

e mgj
ad CAN|

B4’ 28

4 Projection of a vector on coordinate
axes are
X, T X, YV, T Vi 2, T 7
O X, -x =6y,-y =-
zZ, =7 =2
Now, (

2

Xz_X1)z +(y, _.V1]2 +(z, _Zl)z
=,36+9+4 =7

So, the DC’s of the vector are g - %

and%D
7

5 Given that, the projections of a line
segment on the X, Y and Z-axes in
3D-space are, Ir =2, mr =3 and nr = 6
w(Iry + (mrf + (nrf =(2f +@f +(6f
O (@(+m*+n°)r!=4+9+36
O r*=490r=7

6 Let r be inclined at an anglea to each
axis, then/ = m = n =cosa
Since, [+ m®*+n* =1
0 3cos’a =1

=n = i and

Ve

Ifa is acute, then ] = m

Ir|=6
0 r=|r|(i+ mj+ nk)

Get More Learning Materials Here : &

wﬁf”? k@

_zf (i+]j+k)
If o is obtuse, then
1
I=m=n=-—and|r| =6
5 [r]

m] r =|r| (/i + mj + nk)

1. 1 . 1
B A
=-23(
7 Equation of L, is
r=3i+A(-i+j+k)
=@B-AN)i+tAj+AKk
Equation of L, is

r=@+j+u(i+k)
S@+p)i+jrpk

i+j+k)

For point of intersection, we get
A=p =10 r=2i+j+k
8 Equation of line passing through (5, 1, a)
and (3, b, 1)is
-3_y-b_z-1
5-3 1-b a—-1
Ux-x _yv-y, _2-2z0

HX_X .V1_Z2_Zla
Pomtg[)

@)

satisfies Eq. (i), we

get
E—b —E—l
_3_2 )
2 1-b a-1
ik
O a-1= 2 =50 a=6

Also, —3(1 - b) 2% b@

03 -3=17-2b05 =200b=4

9 The given equations of lines can be
rewritten as

X_YV_ z X_ 'V _z

3 2 -6 2 -12 -3
[0 Angle between the lines is
9=cos’1

3x2+2(-12) - 6(-3) E

H\/B + 2+ (=6f J2F +(-12} +(-3} O
Bcose— a [, +b, D, +c, (@, O
5 J& +b2 +c? Ja +b} +ci g

=cos™ (0)=90°

12 Since, the line ~

10 If three edges of the cube are along x, y
and z, then diagonal has DR’s 1, 1, 1 and
edge along X-axis has DR’s 1, 0, 0. The
angle between them is

a1 B
cos™ = = tan 42
V3
11 We know that, angle between two lines
is
aa +bb, +c0c,
@ + b + o Ja@ +b; +c;
I+m+n=0

O [=-(m +n)

(m+nf =P

0 m*+n*+2mn=m"+n

cosB =

O

[+ =m® + n*, given]
O 2mn =0
When, m=00 /=-n
Hence, (/, m, n)is (1, 0, — 1).
When n =0,then/=-m
Hence, (/, m, n)is (1, 0, -1).
1+0+0_1 Tt
0 cosB VR 0 e= 3
3_y+ 2 + 4
-1 3
lies in the plane Ix + my — z =9,
therefore we have2l - m -3 =0
[* normal will be perpendicular
to the line]
O 2l-m =3 ..(1)
and 3l-2m+4=9
[+ point (3, — 2, — 4)lies on the plane]
O 3/ -2m =5 ..(if)
On solving Egs. (i) and (ii), we get

[=1andm = -1
O P+m* =2
13 Let the direction cosine of the line

perpendicular to two given lines is
(I, m, n), then! + 2m + 3n = 0and

2]+ Moy

From the above equation,

1 _ m
1
2x=—-=x3 -3 x(=2)-1x=
3
_ n
1x--2(-2)
0 P _m* _n 1
25 361 81 25 + 361 " 81
36 9 4 36 9 4
25 19 729
O 1= ,m = ,n=
2198 V2198 2198
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14

15

16

Let L be foot of perpendicular from

P(0, 2, 3)on the line
x=(8)_y-1_z-(+4)

5 2 3

Any point on Eq. (i) is

L (-3 + 5t,1+2t, -4 +31).

Then, DR’s of PL are

(-3 +5t-0,1+2t -2, -4 +3t -3)

or (5t-32t-1,3t-7).

Since, PL is perpendicular to Eq. (i),

therefore 5( 5t —3)+ 2(2t —1)

+3@3t-7)=00¢ =1
So, the coordinate of L is (2, 3,-1).

=t ..(3)

The vector joining the points is
i — 3] + k. Its projection along the vector
2i + j -2k
Ii-3)+Kk)Q2i +j -2k)|
V2 1+ 2
_l2-3-2]_,
3

The given lines are
x+1_y+1_2z+1

7 -6 1
x-3_y-5_2z-7

1 -2 1
For line Ist DR’s = (7, — 6, 1) and it passes
through (- 1, - 1, — 1), then equation of
given lines (in vector form) is
rh=-i-j-k+A(7i -6j +k)
Similarlyy, = 3i+ 5j+ 7k + p(i —2j +k)
which are of the formr, =a, + Ab, and
r, =a, + ub, where,

and

a, =-i—j-kb, =7i-6j+k
anda, = 3i+5j+7k,b, =i -2j +k
Now, a, —a, =(3i+5j+7k)
-(-i-j-k)=4i+6j+8k

i j k
and b, xb, ={7 -6 1

1 -2 1

=i(-6+2)-j(7 —1) +k(-14 +6)
= -4i-6j-8k
b, xb,|= (- 4F +(-6F +(-8f
= /16 + 36 + 64
=116 = 2429

So, the shortest distance between the
given lines

(b, xb,)[a, -a,)

d=
b, xb,|
_|(-4i-6j-8k)[4i+6j+8k)|
2429
_l(=4)x4+(-6) x6 +(-8) x8]
2429
_|-16-36-64|_ 116
2429 2429
- 58 = 2+/29 units
29

17

18
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Let one vertex of the parallelopiped be
at the origin O and three coterminous
edges OA, OB and OC be along OX, OY
and OZ, respectively. The coordinates of
the vertices of the parallelopiped are
marked in figure.
The edges which do not meet the
diagonal OF are AH, AD and BD and
their parallels are BE, CE and CH,
respectively.
The vector equation of the diagonal OF is
r=0+ A (ai +bj +ck) ...(1)
The vector equation of the edge BD is
r=bj+u ai (i)
We have,
(ai + bj + ck) x ai =ba (j xi)
+ ca(k xi)
= -bak +caj

0 | (ai x bj x ck) x ai | =yb*d* +c*d

and {(ai + bj + ck) x ai} [(bj -0)

=(-bak + caj)Bj
= abc
7
0009 . 0,b,¢)
@0,c)H F(alb.c)
B(0,b,0)
0
(0,0,0)
A@ 00 Db 0
X

Thus, the shortest distance between
Egs. (i) and (ii) is given by

sp 2 @i+ bj+ck) x ai) W] -0)|

|(ai + bj + ck) x ai |
_ abc _ bc
BPd +ctd (bt

Similarly, it can be shown that the
shortest distance between OF and AD is

__% __ and that between OF and AH
Ja +¢?
_ab
Jd + b’

x=1_y+1_z-1_
o2 3 PR
-3 _y-k_z-0_
1 2 1
O Any point P on line L, is of type
P(@2p+1,3p -1, 4p + 1)and any point
Q on line L, is of type
Qg +32 +k.q)
Since, L, and L, are intersecting each
other, hence both point P and Q should
coincide at the point of intersection,

is

Let L

and L, : X

19

20

21 -

i.e. corresponding coordinates of P and
Q should be same.

2p+1=q +3,4p+1=gq
and 3p-1=29 +k
On solving2p + 1 =q + 3and
4p + 1 =q, we get the values of p and g
as

p=_73andq=—5

On substituting the values of p and g in
the third equation3p -1 =2q + k, we

get
3 9
03 -1=2(-5+k 0 k==
i :

The given straight line can be rewritten
as

-1 _y+ -1

1 -\ A
and X—O:y—lzz—zzt
1 2 -2
These two lines are coplanar, if
X =X Vi 7Y, 44 T2
1, m, n, =0
1, m, n,
1-0 -3-1 1-2
0 1 =A A =0
1 2 -2
1 -4 -1
O 1 -A A[=0
1 2 -2

O12A= 2M\)+ 4(-2-A)-12+ A\) =0
O0- & 4% 2 = 0
O - 16 5AA=- 2
Given equation of line is
xX-2_y+1_z-2
3 4 12
and equation of plane is
X—-y+z=16
Any point on the line (i) is
BN+ 2,4\ - 1,12\ + 2)
Let this point be point of intersection of
the line and plane.
OBA+ 2)- (4N - 1)+ (12A + 2) =16
d 11N + 5=16
g 1MIA=110v= 1
[ Point of intersection is (5, 3, 14).

Now, distance between the points (1, 0,
2) and (5, 3, 14)

= J(5-1f +(3 -0f +(14 —2f
=16 + 9 + 144 =169 =13

cos*a + cos’B +cos’y =1

=A

[say] ...(1)

(i)

0 cos*45° + cos” 60° + cos* y =1
O COSzy :1—1 —1 =1 —g :1
2 4 4

IS

O cosy =1
2
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22

23

24

0 Direction Ratio’s of normal to the

plane is < cos 45°; cos 60°, 1 >

=< L 11
V2" 22
0 Equation of plane passing through
(V2,-1,1)is
LR O LRSI
0 2(x = +2) + 2(y +1)+
O V2(x=-2)+(y +1)+(z -1) =0
O fx—2+y+l+z—l=0

g «/§X+y+z:2

la-1)=0
2

Let foot of perpendicular Q(x, y, z) from
0(0, 0, 0)
x-0_y-0_2z-0
4 -3 1
_{4(0)-3(0) + 1(0) + 13}
4 +3+1

(-1+2p + [ 20
0 PQ = 2 )
+Er6+1§
2
= 1+7+E:£:3Z
4 4 2 2

Required equation of plane is
x-1 y-1 z-1

-3 -3 1 |=0
0 -2 1
O x—-3y —6z+8=0
Since, the intercepts are 8, g %

So, their sum is 12.

Equation of plane through three points
2 21), (3, 0,1)and (4, - 1, 0)is
[(r—i+2j+k)] 06 -2) x(i -] -k)] =

ie. r2i+j+k)=7
or 2x+y+z-7=0 ...(d)
Equation of line through (3, - 4, — 5)and
(2,-3,1)is
X“3_y*ra_z*t5 )
-1 1 6

Any point on line (ii) is
(=N +3,A —4 6\ —5) This point lies
on plane (i).
Therefore,
2(-AN+3)+ (A —4)
O A= 2
Hence, the required point is (1,

+(6A -5) -7 =0

-2,7)

Get More Learning Materials Here : &

\2(z-1)=0

25 Since, the vertices of the tetrahedron
are (0, 0, 0),(3, 0, 0),(0, 2, 0)and (0, 0, 6).
0 Volume of tetrahedron
3 00
_1
E 0 2 0/=6
0 0 6

26 The equation of the plane parallel to the
plane3x — 4y + 5z = 4is
3x —4y + 5z +k =0
Since, this plane passes through (2, 1, 5).
On substituting coordinates (2, 1, 5), we
get
3x2-4x1+5%x5+k =00 k=-27
So, the equation of plane is
3x —4y + 5z -27 =0.
27 Since Q is the image of P, therefore PQ
is perpendicular to the plane
X—2y + 5z =6.
[0 Required equation of line is
-2_y-3_z-4
1 -2 5

28 On substituting the coordinates of the
points in the equation
2x + 3y —2z —k =0, we get
2+6-6-k)4-3-k<O0
0 (k - 1)(k -2)< 0
O 1< k<2

29 Let equation of plane containing the
lines2x — 5y + z =3 and
x+ y+4z =5be(2x -5y +z -3)
+ Nx+y +4z -5 =0
O 2+ Nx+(A-5y +(4AN +1)
z-3-5A=0 (1)
This plane is parallel to the plane
x+3y +6z=1
0 2+ AN _A-5_4A+1
1 3 6
On taking first two equalities, we get
6+3A=A-50 2A=-11
0 A=-— E
2
On taking last two equalities, we get
6A —30=3+ 12\
O - 6% 330 A= —%
So, the equation of required plane is

P
ﬁ— +1Ez 3+ 5,(7:0

O _ZX_EY_QZ'Fg:O
2 2 2

g x+3y+6z-7=0

30 Intersection of two planes is
(x+2y =3)+A(y —2z +1)
O x+(@2+A)y —2Az+\ -3=0

O 1(1)+2@2+N+0(-2A)=00 )\=—§5

31

32

33

34

0 (x+2y —3]—§[y —27 +1) =0

0 2x+4y-6-5y +10z -5 =0

0O 2x-y+10z-11=0

0 2x-y+10z =11

Given, aplaneP : x -2y +2z -5 =0

Equation of family of planes parallel to

the given plane P is
Q:x-2y+2z+d =0

Also, perpendicular distance of Q from

origin is 1 unit.

0 0-2(0)+2(0)+d _
JIP+ 28+ 2
0 R

Hence, the required equation of the
plane parallel to P and at unit distance
from origin is x = 2y + 2z + 3 = 0.
Consider OX, OY, OZ and Ox, Oy, Oz are
two systems of rectangular axes.
Let their corresponding equations of
plane be
X =1 ()
a
X

and =1 ... (i)

Length of perpendicular from origin to
Egs. (i) and (ii) must be same.

+ -
az bz CZ alZ va CIZ

Equation of PQ is

-1_y+5_z-9

1 1 1
So,x=A+1L,y=A-5andz=A+9
lies on the plane x — y + z = 5.
ON+ +A+ BN+ & 5
OA=- 10
So, the coordinate of Q is (= 9, = 15 —1)
and coordinate of P is (1, — 5 9).

0| PQ | =+/10F + (10f + (10f =10~/3

Given planes are,
2x+y+2z-8=0

=A

and 2X+y+22+§=0
2

Distance between two planes

5
o, =0, | °, \
J& +b* +¢? ‘\/22+12 + 27
21
=2 -7
3 2
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35 Now,aq a, + b, b, +c,c,=2 -1 +2>0.

36

37

38

39

The acute angle bisecting plane is
X-yv+2z+1=-2x +y +z +2)
ie. x+z+1=0

DR’s of line are 2, 1, -2 and DR’s of
normal to the plane are 1, 1, 0.

O Therefore, their DC’s are 2

21 200
3’3’

w\N

,0 respectively.

5

Now, let 0 be the angle b/w line and the
plane, then

cos(90° - 8) == \/, % \/1, Q’%@Eﬂ

O sin@=—00= 45
[

Angle between straight liner =a + A b

and planer (h =d,
b (h

lo||n]
(i+2j+AK)Di+2j+3Kk)
Ji+a+X fi+a+9
5+ 3\
YN+ 5014
5

Given, cos 0 = |—
14

0 sinB=

0 sinB=

ad sinE)=i

V14
3 _ 5+ 3\

V14 7+ sn1a
9N+ 5= 9N+ 30\ + 25
9N+ 45= 9N + 30\ + 25

30 A =20

)\:E
3

O
g
O
a

Clearly, given line is parallel to the

plane.

Given point on the line is A(2,-2,3)and

a point on the plane is B(0,0,5)

O AB=@2-0)i+(-2-0)j+(3
=2i-2j-

Now, required distance = Projection of

ABori+ 5 +k

-5k

_|(2i—2j-2k) @ + 5) +k)|
- J1+25+1 |
_l2-10-2
| 27
- 10
343
1. AB = OB -0A
= (4i+5j+7k) - (i+2j+3K)
= 3i+3j+4k
CD=0D-0C
= (2i+9j+2k) - (-4i+3j - 6k)

= Bi+6j+8k
_| ABCD
" | ABJ|CD|
050 _ | Bi+3j+4k)6i+6j+8K) |
W3 +3 + 46 +6 +8 |
_[18+18+32| _| 68 |_
\Fﬁ\ 12 x 34]
0 6= cos'E 0

Hence, Statement I is false.
II. Given, @, =1,b, =2,¢, =3
a, =2b, =2c, = 2

q _1b, _2
a 2'b, 2
@ 4 b,
a b,

Hence, given lines are not parallel.
Therefore, Statement II is false.

40 Statement I The equation of the plane

Ly

containing them is

x—-1 y z+1
1 -1 1 =0
1 2 3
O - (5% 2y 3z 8F 0
1_2_3
Statement II Here, - == ==
3 6 9
g 1-1-1
3 3 3

and1(1) + 2(1) + 3(-1) =0
[0 Statement II is true.
Since, mid-point on AB is M (1, 3, 5).

which liesson X = ¥ =2 = % _2.

B
0 1_3-1_5-2
1 2 3
O 1=1=1

Hence, Statement II is true.

Also, direction ratio of AB is
(1-1,6-0,3-7)=(0,6, —4) ()

and direction ratio of straight line is

(1,23) ... (i)

These two lines are perpendicular, if
0(1)+ 6(2)-4(3)=12 -12 =0

Hence, Statement I is true.

42 1. N =0B-0A
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= (i -3j +3k) (-
=3i - 2j + 6k

2i -j -3k)

43

44

A (-2

Il

(1,-3,3)

—1,-3)

Equation of a plane is given by
Alx-x)+B(y ~y,)+C(z -2)=0

0 3(x-1)+(-2)(y +3) +6(z -3) =0
0 3x-3-2y —6+6z —18 =0
O 3x—-2y +6z-27 =0

II. Equation of any plane through

(2,1,0)is
ax=2)+b(y —1)+c(z -0) =0 ...(Q)
Since, it passes through the points
(3,-2,-2) and (3,1,7). Then, we get
a-3b -2 =0 .. (ii)
and a+0b+7c =0 ...(iii)
On solving Egs.(ii) and (iii) by
cross-multiplication, we get
a=7\b =3\,c = A
On substituting the value of a,b,c
in Eq. (i), we get
7Ax—-2)+3\(y —1)-Az =0
O 7x+3y -z =17
This is the required equation of the
plane.

The image of the point (3, 1, 6) with
respect to the plane x - y + z = 5is
-3 _y-1_2z-6
1 -1 1
_—-2(3-1+6-5)
1+1+1
0 X—3:_V—1:Z—6:_2
1 -1 1
ad x=3-2=1
y=1+2=3
z=6-2=4
which shows that Statement I

is true.

We observe that the line segment
joining the points A(3, 1, 6) and

B(1, 3, 4) has direction ratios 2, — 2, 2
which are proportional to 1, — 1, 1 the
direction ratios of the normal to the
plane. Hence, Statement II is true.
Thus, the Statements I and II are true
and Statement II is correct explanation
of Statement I.

StatementI 3y — 4z =5 -2k
-2y + 4z =7 -3k
0 x=k y =12 -5k and
-31-13k is a point on the line
for all real values of k.
Statement I is true.

Statement II Direction ratios of the
straight line are
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45

<bc' - kbc, kac - ac', 0> and

direction ratios of normal the plane are

<0,0,1>.

Now, 0 % (b¢' — kbc)+ 0 x (kac —ac')
+1x0=0

Hence, the straight line is parallel to

the plane.

Statement II Lines L, and L, are parallel
to the vectorsa =3i + j + 2k and

b =i + 2j + 3k, respectively. The unit
vector perpendicular to both L, and L,
is

axb _ -i-7j+5k

la xb| 1+ 49+25
_—i-7j+5k
5B

Hence, Statement II is true.
Statement I Plane is
—(x+1)=-7(y +2) +5(z +1)= 0, whose

distance from (1, 1, 1)is i

53
Hence, Statement I is true.

Thus, statement I is true, statement II is
true; Statement II is a correct
explanation of Statement L.

SESSION 2

1

Let the equation of plane in intercept
formis X+ L + % =1,

a b ¢
Since, it passes through the point(1,0,0)
and (0,1,0).
X + E =1

O Equation of plane is Xy
1 1 ¢

DR’s of normal are 1,1,l and of given
c

plane are 1,1,0.

1M+10+ L0

[

of O
i+2D\/E
DVe* O

Now, cos — =

0 Lluez=a 0O o=
O c=__

So, the DR’s of normal are 1,1,/2.

On eliminating m from given equations,
we get
2(I+n)*+nl =0
[ putm =21+ 2n]
O 2l + n)(I +2n)=0

O n=-21 0m=-2]
or I =-2n
| m = —-2n

The DR’s are1, -2, —2and -2, -2, 1.
Now, 1(-2)-2(-2)-2(1)=0

Get More Learning Materials Here : &

Hence, lines are perpendicular.
So, angle between them is 11/ 2.
L, is the line of intersection of the plane
2x =2y +3z -2 =0and
x -y +z +1 =0and L, is the line of
intersection of the plane
x+ 2y -z -3 =0and
3x -y +2z-1=0
Since L, is parallel to
d 7 o

o j ko
4 2 -O=31-5 -7k
% -1 2

Also, L, passes through H;S ? OE

[put z = 0in last two planes]
So, equation of plane is

Q-5 , .8 .0

O 7 7 O
o1 1 00= 0
H3 -5 -H
0 0

a 7x -7y +8z+3 =0
Now, perpendicular distance from
origin is

3 0 3 1

0
g/f +7+ 823‘ Ji62 342

The new position of plane is
x—2y+3z+ANx+y +z -1) =0
O@+A)x+(A-2)y+A+3)z-A=0
Since, it is perpendicular to

x+y+z-1=0.
O1+ A+ A=-2+A+3 =0

Orx=-2
3

Hence, required plane is
xX—-8y +7z=-2

Let plane Xy % + 2 =1 cuts the axes at
a c

A (a, 0,0), B (0,b,0)and C (0, 0,¢).
Centroid of plane ABC is D % %’ %@

Distance of the plane from the origin

=———— =1 |[given]
1,11
a b ¢
O 1:l+i+i
a b ¢
O D (x, v, z)
] a=3x,b =3y,c =3z
o Lelailog
X oyt 7

Hence, the value of k is 9.

6 Given lines are

X=py+qz=1y+s

g X4, .28
p r
and x=p'y+q.z=r'y+¢
O x—’q'zyzz;’s'
p r
Twolines X~ % =Y~ V1 27 %
q b, c,
and X=X =V TV S 27 % 4
a b, ¢,

perpendicular, if ¢ a, + b,b, +c,c, =0
O Given lines are perpendicular, if
pp+rr'=0
Let the equation of line AB be
X—O:y+a:2—0:k
1 1 1

A £ B

[say]

C 3 D

Any point on the line is F (k, k — a, k).

Also, the equation of other line CD is
xta_y-0_z-
2 1 1

0. A [say]

Any point on the line is
E@2AN- a,A,\).
Direction ratios of EF are
[(k =2\ + a),(k —a-N\),(k =\)].
Since, it is given that direction ratios of

EF are proportional to 2, 1, 2.
k-2 +a_k-A-a_k-A

O
2 1 2
On solving first and second fractions,
we get
k—-2\N+a=2k -2\ -2a
O k =3a ...(1)
On solving second and third fractions,
we get
2k =2\ -2a=k -\
O k- \A=2a
ad A= 3a& 2a
[from Eq. (i)]
OAN= a

Hence, coordinates of E are (3a, 2a, 3a)
and coordinates of F are (a, a, a).

A parallelopiped is formed by planes
drawn through the points (2, 3, 5) and
(5, 9, 7), parallel to the coordinate
planes.
Let a, b and ¢ be the lengths of edges,
then

a=5-2=3,b =9 -3 =6
and ¢ =7-5=2
So, the length of diagonal of a
parallelopiped
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= Jd +b* +¢c*
=/9+36+4

=4/49 =7 units

9 Given, equations of lines are
x-1_yv+2_z-4

1 -2 3
- + +
and * 2_y+1_2z+7
2 -1 -1
Let n =1i-2j+3k

and n=21-j-k
O Any vector n perpendicular to both
n,, n, is given by

n=n, xn,

i j k
0 n=(1 -2 3
2 -1 -1
=5i+7j+3k

0 Equation of a plane passing through
(1, = 1, - 1)and perpendicular ton is
given by

5(x-1)+7(y +1)+3(z +1) =0
g 5x+ 7y +3z+5=0
O Required distance

5+21-21+5
JEF+ 7+ 3
=10 units
V83
10 Consider the line through (2, - 1, 3) with

ncs?,2tis
333

x-2_y+1_2z-3

=r [say]
2/3 2/3 1/3
O X:2+2l]y:—] += 7z =3 +£
3 3
Since, it lies on the plane
X+2y —z=2
O 2+20 g4l 3.1 oy
3 3 3
O0r=3

11 Given, mid-points of sides are
D (I, 0,0), E (0, m, 0)and F (0, 0, n)

A

B C
D

2
Also, EF? = BC [by mid-point theorem]
4

0 BC* = 4(m* + n*)
Similarly, AB*> = 4(I* + m*)
and CA* =4(* +n*)
AB* + BC* + CA? -

P+m +n

g
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4
12 --cos’a + cos® B + cos’y +cos® & =—

and cos*a = 1 - sin® q, similarly for all
other angles.
0 cos’d + cos*B + cos®y +cos® &

=4 —(sin’a +sin’B +sin® y +sin® §
0 sin*a + sin*p + sin’y

+sin®d = @4 —égz 8
3 3
13 Let g, b and ¢ be the direction ratios of
the required line.
Then, its equation is
x=-3_y-0_z-1

a b c )
Since, Eq. (i) is parallel to the planes
x+ 2y +0z=0and 0x+ 3y —z =0.
Therefore, normal to the plane is
perpendicular to the line.
O aW)+b@)+c0)=0
anda(0)+ b(3)+c (-1) =0
On solving these two equations by
cross-multiplication, we get

a _ b
@1D-00) 00)-1)(-1
_ c
W)E)-0@)
a _b _c _
O Il A [say]

O a=-2\b=Nandc =3\
On substituting the values of a, b and ¢
in Eq. (i), we get the equation of the
required line as
x=-3_y-0_z-1
-2 1 3

14 Key idea length of projection of the line

segment joininga, anda, on the plane

(@, -a,)xn
[n|

rkh=dis

Length of projection the line segment
joining the points (5, -1, 4) and (4, -1, 3)
ontheplanex + y + z =71is

B (4,-1,3)
()
n=i+j+k
(56,-1,4)
A, C
Ac =P a, ) xn
o Inl @
iR XG4 +R)
i+ j+K|
_1i-K
AC =
V3
O AC:Q: g
V3 V3

Alternative Method

Clearly, DR’s of AB are
4-5-1+1,3-4,ie.-1,0, —1and DR’s
of normal to plane are 1, 1, 1.

Now, let 0 be the angle between the line
and plane, then 6 is given by

. |-1+0-1|
sin@ =
VE1F + (F1f 2 41 41
23 V3

Plane:x+y +z=7
sin@ = \/g 0 cos® =+/1 —sin*@

= |1-

w N

-

Clearly, length of projection

1
= ABcos® =2 —
NE)

2

3
15 Centroid of AABC,
Gzﬁz_l+)‘,3+3+5,5+2 +u§
3 3 3

_M+ A 11 7+

- @ 3 '3 3
Since, median is always passes through
centroid and they are equally inclined.

[ AB = 2]

A A S
3 3 3
O )\_5:E:u_8
3 3 3
0 = p= 10

16 Let parallel plane be
2x =2y + z + A =0.It passes through
(1, -23).
OAx=-9
The distance of (-1, 2, 0) from the plane
2x -2y +z-9=0

isM: 5
] 3 O

17 Equation of any plane through
the intersection of planes can be written
as
x+y+z-1+A2x +3y +4z -5) =0
O (@+2N)x+(1+3N)y
+(1+4N)z-1-5\ =0...(1)
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The direction ratios, a, ,b, ,c,, of the plane
are (1+ 2A),(3A + 1)and (4A + 1).

The plane in Eq. (i) is perpendicular to
x — y + z =direction ratios, a,,b,,c, are
1,-1and 1.

Since, the planes are perpendicular.

O aa, +bb, +c,c, =0
O11+2N-1(1 +3A)+1(1 +4A) =0
| 1+2A-1-3\+1+4\ =0

0 8A=-10 A=-1+
3

On substituting this value of A in Eq. (i),
we obtain the required plane as

=

O —X—lz+g=0
3 3
O x-z+2=0

This is the required equation of the
plane.

The two normal vectors are

m =2i+3j+kand n=i+3j+2k
i

The line L is along,m xn=1{2 3
1 3

N = X

=3(i-j+k)
and DC'’s of X-axis are (1, 0, 0).
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3i-j+k)Oi) _ 1
FA+1+1)41 3

0 cosa=

Any line parallel to XY -Zand
1 4 5

passing through P(1, - 2, 3)is

P(1,-23)
<1,4,5>
/ 2X+3y-4z+22=0

Q
x-1_y+2_2z-3
1 4 5
Any point on above line can be written
as A+ 1,4\N - 2,0\ + 3)

=A (say)

[0 Coordinates of R are
(A+ 1,4\ - 2, 5\ + 3)
Since, point R lies on the above plane.

O 2(A+ 1)+ 3(4N —2)— 4(5\ +3)

+22=0
O A= 1
So, point R is (2, 2, 8).
Now,
PR=\2-1F +(2 +2f +(8 -3f
=42

O PQ =2PR =242

20 Here, plane, line and its image are

parallel to each other. So, find any point
on the normal to the plane from which
the image line will be passed and then
find equation of image line.
Here, plane and line are parallel to each
other. Equation of normal to the plane
through the point (1, 3, 4) is
x-1_y-3_z-4_

k sa
5 - 1 [say]
Any point on this normal is
2k +1, -k +3,4 + k).
Then,
é@k+l+1 3-k+3 4+k +4§.
) ) lies
2 2 2
on plane.

6 — k
0 2(k+1)-
e -Fooh
+§78+k§+3:0
2
O k=-2

Hence, point through which this image
pass is
(2k +1,3 -k, 4 + k)
ie. [2(-2)+1,3+2, 4 -2] =(3,5,2)
Hence, equation of image line is
x+3_y-5_2z-2
3 1 -5
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